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Relations
Properties of Relations

In this lecture:

ﬁm Part 1: Properties: Reflexivity, Symmetry, Transitivity
I Part 2: Proving Properties of Relations

L) Part 3: Transitive Closure

s Reflexivity s

O R is reflexive < forallxin A, (x, x) € R.

R is Reflexive: Each element is related to itself.
_%M\ D.Ab JLE\ gﬁ
R is not reflexive: there is an element x in A
such that x R x [that is, such that (x ,x)&R ] .

Examples:
Likes? MemberOf? BrotherOf?
LocatedIn? PartOf? SonOf?
Kills? SubSetOf? FatherOf?
FreindOf? SameAS? RelativeOf?
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c;gg%‘ Symmetry g %

R is symmetric < forall x and y in A, if (x, y) € R then (y, x) € R.

E S R is Symmetric: If any one element is related to any
w [ other element, then the second is related to the first.

R is not Symmetric: there are elements x and y in A
such that x R y but y R x [that is, such that (x ,y ) €ER

but (yx) € R].
Examples:
Likes? MemberOf? BrotherOf?
LocatedIn? PartOf? SonOf?
Kills? SubSetOf? FatherOf?
FreindOf? SameAS? RelativeOf?

”
id

1ti1vi 3 % \ ;g’p 3
AT Transitivity AR 12

R is transitive < forall x, yandzin A,if (x, y) € Rand (y,z) € R
then (x, z) € R.

R is Transitive: If any one element is related to a
second and that second element is related to a third,
then the first element is related to the third.

R is not transitive: there are elements x,y and z in A
such that xRy and yRz but x R z [that is, such that
(xy)eRand (y,z) ERbut (x ,7) € R ] .

Examples:
Likes? MemberOf? BrotherOf?
LocatedIn? PartOf? SonOf?
Kills? SubSetOf? FatherOf?
FreindOf? SameAS? RelativeOf?
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Example

Let A=4{2,34,6,79} and define a relation R on A as:
For all x,y € A, xRy & 3l(x-y).

2

Is R Reflexive?v Symmetric?v Transitive?
7

Exercise

Let A={0,1, 2,3} and define relation R on A as:
R={(0,0),(0,1),(0,3),(1,0),(,1),(2,2),(3,0),(3,3)}

Is R Reflexive? ¥ Symmetric? v] Transitive?
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Exercise

Let A={0,1, 2,3} and define relation R on A as:
R=1{(0,0),(0,2),(0,3),(2,3)}

Is R Reflexive? Symmetric? Transitive? ]

L —— 3

Exercise

Let A={0,1,2,3} and define relation R on A as:
R ={(0,1),(2,3)}

Is R Reflexive? Symmetric? Transitive? ]

Oe— >

Joc—————02

Remark that the transitivity condition is vacuously true for 7". To see this,
observe that the transitivity condition says that
Vx,y,z€A, if [(x,y)€T A (y,2)ET] then [(x,z)ET]

10
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Relations
Properties of Relations

In this lecture:

I Part 1: Properties: Reflexivity, Symmetry, Transitivity

ﬁﬂ Part 2: Proving Properties of Relations

) Part 3: Transitive Closure

11

Proving Properties on Relations on Infinite Sets

Until now we discussed relation on Finite Sets

Next, we discussed relation on infinite Sets

To prove a relation is reflexive, symmetric, or transitive, first
write down what is to be proved, in First Order Logic.

For instance, for symmetry
Vx,y€A,if x RythenyR x.

Then use direct methods of proving

12
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Properties of Equality

Define a relation R on R (the set of all real numbers) as follows:
For all real numbers xandy. xRy © x=y.

Is R Reflexive? Symmetric? Transitive?

13

Properties of Less Than

Define a relation R on R (the set of all real numbers) as follows:
For all x,y € R, XRy © x<y.

Is R Reflexive? Symmetric? Transitive?

Solution
R is not reflexive: R is reflexive if, and only if, Vx € R, x R x. By definition of R,
this means that Vx €R,x <x. But this is false: 3x €R such that x 4. As a
counterexample, let x = 0 and note that 0 </0. Hence R is not reflexive.

R is not symmetric: R is symmetric if, and only if, Vx, y € R, if x R y then y R x. By
definition of R, this means that Vx, y € R, if x < y then y < x. But this is false: 3x, y
€ R such that x < y and y ¢/x. As a counterexample, let x = 0 and y = 1 and note that
0 < 1but1<0. Hence R is not symmetric.

R is transitive: R is transitive if, and only if, forallx, y, z € R,if x Ryand y R z
then x R z. By definition of R, this means that forall x, y, z €R,ifx<yand y <z,
then x < z. But this statement is true by the transitive law of order for real numbers

(Appendix A, T18). Hence R is transitive. 4

’
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Properties of Congruence Modulo 3

Define a relation 7 on Z (the set of all integers) as follows: For
all integers m and n, mTn & 3l(m=n).

Is R Reflexive? Symmetric? Transitive?

For all meZ, 31(m—m).

Suppose m is a particular but arbitrarily chosen integer.
[We must show that m T m.]

Now, m—m = 0.

But 310 since 0 = 3-0.

Hence 3I(m-m).

Thus, by definition of 7, mT m

[as was to be shown].

15

Properties of Congruence Modulo 3

Define a relation 7 on Z (the set of all integers) as follows: For
all integers m and n, mTn & 3l(m-n).

Is R Reflexive? Symmetric? Transitive?

For all m, n€ Z, if 3|(m—n) then 3l(n—m).

Suppose m and n are particular but arbitrarily chosen integers
that satisfy the condition m T n.

[We must show that n T m.]

By definition of T, since m T n then 3 | (m — n). By definition of
“divides,” this means that m — n = 3k, for some integer k.
Multiplying both sides by —1 gives n —m = 3(-k). Since —k is an
integer, this equation shows that 3 | (n — m). Hence, by definition
of T,nTm

[as was to be shown].

16
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Properties of Congruence Modulo 3

Define a relation T on Z (the set of all integers) as follows: For
all integers m and n, mTn & 3l(m-n).

Is R Reflexive? Symmetric? Transitive?
For all m, n€Z, if 3I(m—n) and 3I(n—p) then 3l1(m—p).

Suppose m, n, and p are particular but arbitrarily chosen
integers that satisfy the condition m T n and n T p. [We must
show that m T p.] By definition of T, since m Tnand n T p,
then 3/(m—n) and 3/(n—p). By definition of “divides,” this
means that m —n =3r and n — p = 3s, for some integers r
and s. Adding the two equations gives (m—n)+(n—p)=3r+3s,
and simplifying gives that m — p = 3(r + s). Since r + 5 is an
integer, this equation shows that 3l(m — p). Hence, by
definition of 7, m T p [as was to be shown].

17
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Relations
Properties of Relations

In this lecture:

I Part 1: Properties: Reflexivity, Symmetry, Transitivity

I Part 2: Proving Properties of Relations

ﬁu Part 3: Transitive Closure
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The Transitive Closure of a Relation

The smallest transitive relation that contains the relation.

Let A be a set and R a relation on A. The transitive closure of R is the relation R’
on A that satisfies the following three properties:

1. R!is transitive.
2. RCR'.

3. If S is any other transitive relation that contains R, then R* C S.

Original Transitive
Closure
A= 1]
C> D
19
Exercise
Let A=4{0,1, 2,3} and consider the relation R defined on A as:
R={(0,1),(1,2),(2,3)}.
Find the transitive closure of R.
R'={(0, 1),(0,2),(0,3),(1,2),(1,3),(2,3)}.
Jo—— >0 | 0 >0 |
3 04—:: 2 3 V# 4 2
R R
20
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